This paper studies estimation of panel cointegration models with cross-sectional dependence generated by unobserved global stochastic trends. The standard least squares estimator is, in general, inconsistent owing to the spuriousness induced by the unobservable I(1) trends. We propose two iterative procedures that jointly estimate the slope parameters and the stochastic trends. The resulting estimators are referred to respectively as CupBC (continuously-updated and bias-corrected) and the CupFM (continuously-updated and fully-modified) estimators. We establish their consistency and derive their limiting distributions. Both are asymptotically unbiased and asymptotically normal and permit inference to be conducted using standard test statistics. The estimators are also valid when there are mixed stationary and non-stationary factors, as well as when the factors are all stationary.
Introduction
This paper is concerned with estimating panel cointegration models using a large panel of data. Our focus is on estimating the slope parameters of the non-stationary regressors when the cross sections share common sources of non-stationary variation in the form of global stochastic trends. The standard least squares estimator is either inconsistent or has a slower convergence rate. We provide a framework for estimation and inference. We propose two iterative procedures that estimate the latent common trends (hereafter factors) and the slope parameters jointly. The estimators are √ nT consistent and asymptotically mixed normal. As such, inference can be made using standard t and Wald tests. The estimators are also valid when some or all of the common factors are stationary, and when some of the observed regressors are stationary.
Panel data have long been used to study and test economic hypotheses. Panel data bring in information from two dimensions to permit analysis that would otherwise be inefficient, if not impossible, with time series or cross-sectional data alone. A new development in recent years is the use of 'large dimensional panels', meaning that the sample size in the time series (T ) and the cross-section (n) dimensions are both large. This is in contrast to traditional panels in which we have data of many units over a short time span, or of a few variables over a long horizon. Many researchers have come up with new ideas to exploit the rich information in large panels. 1 However, large panels also raise econometric issues of their own. In this analysis, we tackle two of these issues: the data (y it , x it ) are non stationary, and the structural errors e it = y it − x ′ it β are neither iid across i nor over t. Instead, they are cross-sectionally dependent and strongly persistent and possibly non-stationary. In addition, e it are also correlated with the explanatory variables x it .
These problems are dealt with by putting a factor structure on e it and modelling the factor process explicitly.
The presence of common sources of non-stationarity leads naturally to the concept of cointegration. In a small panel made up of individually I(1) (or unit root) processes y t and x t , where small means that the dimension of y t plus the dimension of x t is treated as fixed in asymptotic analysis, cointegration as defined in Engle and Granger (1986) means that there exists a cointegrating vector, (1 − β ′ ), such that the linear combinations y t − x ′ t β are stationary, or are an I(0) processes. In a panel data model specified by y it = x ′ it β + e it where y it and x it are I(1) processes, and that e it are iid across i, cointegration is said to hold if e it are 'jointly' I(0), or in other words, (1, −β) is the common cointegrating vector between y it and x it for all n units. A large literature panel cointe- 1 See, for example, Baltagi (2005) , Hsiao (2003) , Pesaran and Smith (1995) , Kao (1999) , and Phillips (2000, 2004) in the context of testing the unit root hypothesis using panel data. Stock and Watson (2002) suggest diffusion-index forecasting, while Bernanke and Boivin (2003) suggest new formulations of vector autoregressions to exploit the information in large panels.
gration already exists 2 for modelling panel cointegration when e it is cross-sectionally independent.
A serious drawback of panel cointegration models with cross-section independence is that there is no role for common shocks, which, in theory should be the underlying source of comovement in the cross-section units. Failure to account for common shocks can potentially invalidate estimation and inference of β. 3 In view of this, more recent work has allowed for cross-sectional dependence of e it when testing for the null hypothesis of panel cointegration. 4 There is also a growing literature on panel unit root tests with cross-sectional dependence. 5 In this paper, we consider estimation and inference of parameters in a panel model with crosssectional dependence in the form of common stochastic trends. The framework we adopt is that e it has a common component and a stationary idiosyncratic component. That is, e it = λ ′ i F t + u it , so that panel cointegration holds when u it = y it − βx it − λ ′ i F t is jointly stationary. A regression of y it on x it will give a consistent estimator for β when F t is I(0). We focus on estimation and inference about β when F t is non-stationary. Empirical studies suggest the relevance of such a setup. Holly, Pesaran and Yamagata (2006) analyzed the relationship between real housing prices and real income at state level, allowing for unobservable common factors. They found evidence of cointegration after controlling for common factors and additional spatial correlations. Some economic models lead naturally to this set up. Consider a panel of industry data on output, factor inputs such as capital, and labor. Neoclassical production function suggests that log output y it is linear in log factor inputs x it and log productivity e it . Decomposing the latent e it into the industry wide component F t and an industry specific component u it and assuming that F t is the source of non-stationarity leads to a model with latent common trends. In such a case, a regression of y it on x it is spurious since e it is not only cross-sectionally correlated, but also non-stationary.
We deal with the problem by treating the common I(1) variables as parameters. These are estimated jointly with β using an iterated procedure. The procedure is shown to yield a consistent estimator of β, but the estimator is asymptotically biased. We then construct two estimators to account for the bias arising from endogeneity and serial correlation so as to re-center the limiting distribution around zero. The first, denoted CupBC, estimates the asymptotic bias directly. The second, denoted CupFM, modifies the data so that the limiting distribution does not depend on nuisance parameters. Both are 'continuously updated' (Cup) procedures and require iteration till convergence. The estimators are √ nT consistent for the common slope coefficient vector, β. The estimators enable use of standard test statistics such as t, F , and χ 2 for inference. The estimators are robust to mixed I(1)/I(0) factors, as well as mixed I(1)/I(0) regressors. Thus, our approach is an alternative to the solution proposed in for stationary factors. As we argue below, the Cup estimators have some advantages that make an analysis of their properties interesting in its own right.
The rest of the paper is organized as follows. Section 2 describes the basic model of panel cointegration with unobservable common stochastic trends. Section 3 develops the asymptotic theory for the continuously-updated and fully-modified estimators. Section 4 examines issues related to incidental trends, mixed I(0)/I(1) regressors and mixed I(0)/I(1) common shocks, and issues of testing cross-sectional independence. Section 5 presents Monte Carlo results to illustrate the finite sample properties of the proposed estimators. Section 6 provides a brief conclusion. The appendix contains the technical materials.
The Model
Consider the model
where for i = 1, ..., n, t = 1, ..., T, y it is a scalar,
is a set of k non-stationary regressors, β is a k × 1 vector of the common slope parameters, and e it is the regression error. Suppose e it is stationary and iid across i. Then it is easy to show that the pooled least squares estimator of β defined bŷ
is, in general, T consistent. 6 Similar to the case of time series regression considered by Phillips and Hansen (1990) , the limiting distribution is shifted away from zero due to an asymptotic bias induced by the long run correlation between e it and ε it . The exception is when x it is strictly exogenous, in which case the estimator is √ nT consistent. The asymptotic bias can be estimated, and a panel 6 The estimator can be regarded as √ nT consistent but with a bias of order O( √ n). Up to the bias, the estimator is also asymptotically mixed normal.
fully-modified estimator can be developed along the lines of Phillips and Hansen (1990) to achieve √ nT consistency and asymptotic normality.
The cross-section independence assumption is restrictive and difficult to justify when the data under investigation are economic time series. In view of comovements of economic variables and common shocks, we model the cross-section dependence by imposing a factor structure on e it . That is,
where F t is a r × 1 vector of latent common factors, λ i is a r × 1 vector of factor loadings and u it is the idiosyncratic error. If F t and u it are both stationary, then e it is also stationary. In this case, a consistent estimator of the regression coefficients can still be obtained even when the cross-section dependence is ignored, just like the fact that simultaneity bias is of second order in the fixed n cointegration framework. Using this property, Bai and Kao (2006) considered a two-step fully modified estimator (2sFM). In the first step, pooled OLS is used to obtain a consistent estimate of β. The residuals are then used to construct a fully-modified (FM) estimator along the line of Phillips and Hansen (1990) . Essentially, nuisance parameters induced by cross-section correlation are dealt with just like serial correlation by suitable estimation of the long-run covariance matrices.
The 2sFM treats the I(0) common shocks as part of the error processes. However, an alternative estimator can be developed by rewriting the regression model as
Moving F t from the error term to the regression function (treated as parameters) is desirable for the following reason. If some components of x it are actually I(0), treating F t as part of error process will yield an inconsistent estimate for β when F t and x it are correlated. The simultaneity bias is now of the same order as the convergence rate of the coefficient estimates on the I(0) regressors.
Estimating β from (3) with F being I(0) was suggested in , but its theory was not explored.
When F t is I(1), which is the primary focus of this paper, there is an important difference between estimating β from (3) versus pooled OLS in (2) because the latter is no longer valid. More precisely, if
then e it is I(1) and pooled OLS in (2) is, in general, not consistent. To see this, consider the following data generating process for x it
with ξ it being I(1) such that ξ it = ξ it−1 + ζ it . For simplicity, assume there is a single factor. It follows that x it is I(1) and can be written as (1) with ε it = τ ′ i η t + ζ it . The pooled OLS can be written asβ
If τ i and λ i are correlated, or when they have non-zero means, the first term on the right hand side is O p (1), implying inconsistency of the pooled OLS. The best convergence rate is √ n when x it and F t are independent random walks. The problem arises because as seen from (3), we now have a panel model with non-stationary regressors x it and F t , and in which u it is stationary by assumption.
This means that y it conintegrates with x it and F t with cointegrating vector (1, −β ′ , λ i ). Omitting F t creates a spurious regression problem. It is worth noting that the cointegrating vector varies with i because the factor loading is unit specific. Estimation of the parameter of interest β involves a new methodology because F is unobservable.
In the rest of the paper, we will show how to obtain √ nT consistent and asymptotically normal estimates of β when the data generating process is characterized by (3) assuming that x it and F t are both I(1), and that x it , F t and u it are potentially correlated. We will refer to F t as the global stochastic trends since they are shared by each cross-sectional unit. Hereafter, we write the integral 1 0 W (s)ds as W when there is no ambiguity. We define Ω 1/2 to be any matrix such that Ω = Ω 1/2 Ω 1/2 ′ , and BM (Ω) to denote Brownian motion with the covariance matrix
convergence in probability, [x] to denote the largest integer less than or equal to x. We let M < ∞ be a generic positive number, not depending on T or n. We also define the matrix that projects onto the orthogonal space of z as M z = I T − z (z ′ z) −1 z ′ . We will use β 0 , F 0 t , and λ 0 i to denote the true common slope parameters, true common trends, and the true factor loading coefficients.
Denote (n, T ) → ∞ as the joint limit. Denote (n, T ) seq → ∞ as the sequential limit, i.e., T → ∞ first and n → ∞ later. We use M N (0, V ) to denote a mixed normal distribution with variance V .
Our analysis is based on the following assumptions.
Assumption 1 Factors and Loadings:
η , a r × r random matrix, where B η is a vector of Brownian motions with covariance matrix Ω η , which is a positive definite matrix.
Assumption 3 Weak cross-sectional correlation and heterokedasticity
(a) E (u it u js ) = σ ij,ts , |σ ij,ts | ≤σ ij for all (t, s) and |σ ij,ts | ≤ τ ts for all (i, j) such that (i)
Assumption 4 x it , F 0 t are not cointegrated.
Assumption 1 is standard in the panel factor literature. Assumption 3 allows for limited time series and cross-sectional dependence in the error term, u it . Heteroskedasticity in both time series and cross-sectional dimensions for u it is allowed as well. The assumption that Ω η is positive definite rules out cointegration among the components of F 0 t . Assumption 4 also rules out the cointegration between x it and F 0 t . Assumption 2 implies that a multivariate invariance principle for w it holds, i.e., the partial sum
t=1 w it satisfies:
where
The long-run covariance matrix of {w it } is given by
are partitioned conformably with w it . Define the one-sided long-run covariance
For future reference, it will be convenient to group elements corresponding to ε it and η t taken together. Let
Then B i can be rewritten as
is a standardized Brownian motion and
bi Ω bui is the long-run conditional variance of u it given (△x
Finally, we state an additional assumption, which is needed when deriving the limiting distribution but is not needed for consistency of the proposed estimators.
Assumption 5
The idiosyncratic errors u it are cross-sectionally independent.
Estimation
In this section, we first consider the problem of estimating β when F is observed. We then consider two iterative procedures that jointly estimate β and F . The procedures yield two estimators that are √ nT consistent and asymptotically normal. These estimators, denoted CupBC and CupFM, are presented in subsections 3.2 and 3.3.
Estimation when F is observed
The true model (3) in vector form, is
. . .
to be an a n × r matrix. In matrix notation
Given data y, x, and F 0 , the least squares objective function is
After concentrating out λ, the least squares estimator for β is theñ
The least squares estimator has the following properties. 7
and with C being the σ-field generated by {F t } ,
The estimator is √ nT consistent if φ 0 nT = 0, which occurs when x it is strictly exogenous. Otherwise, the estimator is T consistent as there is an asymptotic bias given by the term √ nφ 0 nT . This is an average of individual biases that are data specific as seen from the definition of θ 0 i . The individual biases arise from the contemporaneous and low frequency correlations between the regression error and the innovations of the I(1) regressors as given by terms such as Ω bui and ∆ bui . 7 The limiting distribution for F being I(0) can also be obtained. Park and Phillips (1988) provide the limiting theory with mixed I(1) and I(0) regressors in a single equation framework.
To estimate the bias, we need to consistently estimate the nuisance parameters. We use a kernel estimator. Let
To state the asymptotic theory for the bias-corrected estimator, we need the following assumption, as used in Moon and Perron (2004) :
2 dx < ∞ and with Parzen's exponent q ∈ (0, ∞) such that lim
(c) The bandwidth parameter K satisfies K ∽ n b and
The resulting bias-corrected estimator is
This estimator can alternatively be written as
whereỹ + and∆ + are consistent estimates of y + and ∆ + etc, with
Viewed in this light, the bias-corrected estimator is also a panel fully-modified estimator in the spirit of Phillips and Hansen (1990) , and is the reason why the estimator is also labeledβ LSF M . It is not difficult to verify thatβ LSBC andβ LSF M are identical. Panel fully modified estimators were also considered by Phillips and Moon (1999) and . Here, we extend those analysis to allow for common stochastic trends. By construction u + it has a zero long-run covariance with ( ∆x ′ it ∆F 0′ t ) ′ and hence the endogeneity can be removed. Furthermore, nuisance parameters arising from the low frequency correlation of the errors are summarized in ∆ + bui .
Proposition 2 Let β LSF M be defined by (10). Under Assumptions 1-6, as
In small scale cointegrated systems, cointegrated vectors are T consistent, and this fast rate of convergence is already accelerated relative to the case of stationary regressions, which is √ T . Here in a panel data context with observed global stochastic trends, the estimates converge to the true values at an even faster rate of √ nT and the limiting distributions are normal. To take advantage of this fast convergence rate made possible by large panels, we need to deal with the fact that F 0 is not observed. This problem is considered in the next two subsections.
Unobserved F 0 and the Cup Estimator
The LSFM considered above is a linear estimator and can be obtained if F 0 is observed. When F 0 is not observed, the previous estimator is infeasible. Recall that least squares estimator that ignores F is, in general, inconsistent. In this section, we consider estimating F along with β and Λ by minimizing the objective function
subject to the constraint T −2 F ′ F = I r and Λ ′ Λ is positive definite. The least squares estimator for β for a given F is
Notice that given β, w i has a pure factor structure. Let W = (w i , ..., w n ) be a T × n matrix.
We can rewrite the objective function (11) as tr
we have the concentrated objective function:
Since the first term does not depend on F , minimizing (12) with respect to F is equivalent to
a matrix of the first r eigenvectors (multiplied by T ) of the matrix
Although F is not observed when estimating β, and similarly, β is not observed when estimating F , we can replace the unobserved quantities by initial estimates and iterate until convergence. Such a solution is more easily seen if we rewrite the left hand side of (12) with y − xβ substituting in for
The continuous updated estimator (Cup) for (β, F ) is defined as
More precisely, ( β Cup , F Cup ) is the solution to the following two nonlinear equations
and V nT is a diagonal matrix consisting of the r largest eigenvalues of the matrix inside the brackets, arranged in decreasing order. Note that the estimator is obtained by iteratively solving forβ andF using (13) and (14) . It is a non-linear estimator even though linear least squares estimation is involved at each iteration. An estimate of Λ can be obtained as:
The triplet β, F , Λ jointly minimizes the objective function (11) .
The estimatorβ Cup is consistent for β. We state this result in the following proposition.
Proposition 3 Under Assumptions 1-4 and as
We now turn to the asymptotic representation ofβ Cup .
Proposition 4 Suppose Assumptions 1-4 hold and
,
In comparison with the pooled least squares estimator for the case of known F 0 , estimation of the stochastic trends clearly affects the limiting behavior of the estimator. The term involving a ik is due to the estimation of F . This effect is carried over to the limiting distribution and to the asymptotic bias, as we now proceed to show.
For the rest of the paper, we use bar to denote those long run covariance matrices (including one sided and conditional covariances and so on) generated fromw it instead of w it . Thus,Ω i is the long run covariance matrix ofw it as in (5), and define∆ i is the one-sided covariance matrix ofw it .
These quantities depend on n, but this dependence is suppressed for notional simplicity.
Because the right hand side of the representation does not depend on estimated quantities, it is not difficult to derive the limiting distribution ofβ Cup , even allowing for cross-sectional correlation in u it . However, estimating the resulting nuisance parameters would be more difficult. Thus, although consistency of the Cup estimator does not require the cross-section independence of u it , our asymptotic distribution forβ Cup is derived with Assumption 5 imposed.
Theorem 1 Suppose that Assumptions 1-5 hold. Letβ
Cup be obtained by iteratively updating (13) and (14) . As (n, T ) seq → ∞, we have
Theorem 1 establishes the large sample properties of the Cup estimator. The Cup estimator is √ nT consistent provided that φ nT = 0, which occurs when x it and F t are exogenous. Since We consider two fully-modified estimators. The first one directly corrects the bias ofβ Cup , and is denoted byβ CupBC . The second one will be considered in the next subsection, where correction is made during each iteration, and will be denoted byβ CupF M .
The bias-corrected Cup estimator is defined aŝ
The CupBC is √ nT consistent with a limiting distribution that is centered at zero. This type of bias correction approach is also used in Hahn and Kuersteiner (2002), for example, and is not uncommon in panel data analysis. Because the bias-corrected estimator is √ nT and has a normal limit distribution, the usual t and Wald tests can be used for inference. Note that the limiting distribution is different from that of the infeasible LSBC estimator, which coincides with LSFM and whose asymptotic variance is Σ 0 instead of Σ. Thus, the estimation of F affects the asymptotic distribution of the estimator. As in the case when F is observed, the bias corrected estimator can be rewritten as a fully modified estimator. Such a fully-modified estimator is now discussed.
A Fully Modified Cup Estimator
The CupBC just considered is constructed by estimating the asymptotic bias ofβ Cup , and then subtracting it fromβ Cup . In this subsection, we consider a different fully-modified estimator, denoted byβ CupF M . Let
where Ω ubi , Ω bi , and ∆ bui are estimates ofΩ ubi ,Ω bi and∆ bui , respectively. Recall that β Cup is obtained by jointly solving (13) and (14) . Consider replacing these equations by the following:
Like the FM estimator of Phillips and Hansen (1990) , the corrections are made to the data to remove serial correlation and endogeneity. The CupFM estimator for (β, F ) is obtained by iteratively solving (16) and (17) . Thus correction to endogeneity and serial correlation is made during each iteration.
Theorem 3 Suppose Assumptions 1-6 hold. Then as
where Σ is given in (15) The CupFM and CupBC have the same asymptotic distribution, but they are constructed differently. The estimator β CupBC does the bias correction only once, i.e., at the final stage of the iteration, and β CupF M does the correction at every iteration. The situation is different from the case of known F , in which the bias-corrected estimator and the fully-modified estimator are identical due to the absence of iteration. Again, because of the mixture of normality, hypothesis testing on β can proceed with the usual t or chi square distributions.
Kapetanios, Pesaran, and Yamagata (2006) suggest an alternative estimation procedure based on Pesaran (2006) . The model is augmented with additional regressorsȳ t andx t , which are crosssectional averages of y it and x it . These averages are used as proxy for F t . The estimator for the slope parameter β is shown to be √ n consistent, but fully modified estimator is not considered.
While the focus is on estimating the slope parameters β, the global stochastic trends F are also of interest. We state this result as a proposition:
Proposition 5 LetF be the solution of (17) . Under Assumptions of 1-4, we have
where H is an r × r invertible matrix.
Thus, we can estimate the true global stochastic trends up to a rotation. This is the same rate 
Further issues
The preceding analysis assumes that there are no deterministic components and that the regressors and the common factors are all I(1) without drifts. This section considers construction of the estimator when these restrictions are relaxed. It will be shown that when there are deterministic components, we can apply the same estimation procedure to the demeaned or detrended series, and the Brownian motion processes in the limiting distribution are replaced by the demeaned and/or detrended versions. Furthermore, the procedure is robust to the presence of mixed I(1)/I(0) regressors and/or factors. Of course, the convergence rates for I(0) and I(1) regressors will be different, but asymptotic mixed normality and the construction of test statistics (and their limiting distribution) do not depend on the convergence rate. Finally, we also discuss the issue of testing cross-sectional independence.
Incidental trends
The Cup estimator can be easily extended to models with incidental trends,
In the intercept only case (ρ i = 0, for all i), we define the projection matrix
where ι T is a vector of 1's. When a linear trend is also included in the estimation, we define M T to be the projection matrix orthogonal to ι T and to the linear trend. Then
where the dotted variables are demeaned and/or detrended versions. The estimation procedure for the cup estimator is identical to that of Section 3, except that we use dotted variables.
With the intercept only case, the construction of FM estimator is also the same as before. When linear trends are allowed, ∆x it is now replaced byε it = ∆x it − ∆x i , which is detrended residual of x it . But sinceẋ i is already a detrended series, andF is also asymptotically detrended (since it is estimatingḞ ), ∆ẋ it and ∆F t are also estimating the detrended residuals. Thus we can simply apply the same procedure prescribed in Section 3 with the dotted variables. The limiting distribution in Theorem 2 and consequently in Theorem 3 is modified upon replacing the random processes B εi and B η by the demeaned and detrended Brownian motions. 8 The test statistics (t and χ 2 ) have standard asymptotic distribution, not depending on whether the underlying Brownian motion is demeaned or detrended.
When linear trends are included in the estimation, the limiting distribution is invariant to whether or not y it , x it and F t contain a linear trend. Now suppose that these variables do contain a linear trend (drifted random walks). With deterministic cointegration holding (i.e., cointegrating vector eliminates the trends), the estimated β will have a faster convergence rate when a separate linear trend is not included in the estimation. But we do not consider this case. Interested readers are referred to Hansen (1992). Recall that the LS estimator isβ LS = (
plays an important role in the properties of the LS. When x it and F t are
We now consider this term under mixed I(1) and I(0) assumptions. With I(0) factors, we have
. Thus
8 Alternatively, we can useεit − 1 n P n k=1ε ktâik in place of ∆xit in Section 3. Similarly, we useη t = ∆Ft − ∆F in place of ∆Ft.
It follows that 
is a zero matrix since η = ∆F 0 t is an I(−1) process and has zero long-run variance. Similarly, Ω εηi is also zero. The submatrix
bi Ω bui as well as the submatrices ( ∆ ηui ∆ ηi ) in ( ∆ bui ∆ bi ) are also degenerate because the factors are I(0). Note that Ω bi is not invertible. Under appropriate choice of bandwidth, see Phillips (1995) , Ω −1
bi Ω bui can be consistently estimated, so that FM estimators can be constructed. This argument treats F t as if it were I(1). If it is known that F t is I(0), we will simply use F t instead of ∆F t in the FM construction. 
where Phillips (1995) , the limiting normality still holds.
Mixed I(1)/I(0) Regressors and I(1) Factors Suppose k 2 regressors denoted by x 2it are I(1), and k 1 regressors denoted by x 1it are I(0). Assume F t is I(1) and u it is I(0) as in (3 ). Consider
With the inclusion of an intercept, there is no loss of generality to assume x 1it having a zero mean.
For this model, we add the assumption that E(x 1it u it ) = 0 (20) to rule out simultaneity bias with I(0) regressors. Otherwise β 1 cannot be consistently estimated.
Alternatively, if u it is correlated with x 1it , we can project u it onto x 1it to obtain the projection residual and still denote it by u it (with abuse of notation), and by definition, u it is uncorrelated with x 1it . But then β 1 is no longer the structural parameter. The dynamic least squares approach by adding ∆x 2it is exactly based on this argument, with the purpose of more efficient estimation of β 2 .
If one knows which variable is I(0) and which is I(1), the situation is very simple. The I ( 
Monte Carlo Simulations
In this section, we conduct Monte Carlo experiments to assess the finite sample properties of the proposed CupBC and CupFM estimators. We also compare the performance of the proposed estimators with that of LSDV (least squares dummy variables, i.e., the within group estimator) and 2sFM (2-stage fully modified which is the CupFM estimator with only one iteration).
Data are generated based on the following design. For i = 1, ..., n, t = 1, ..., T,
We assume a single factor, i.e., r = 1, λ i and η t are generated from i.i.d. N (µ λ , 1) and N (µ η , 1)
respectively. We set µ λ = 2 and µ η = 0. Endogeneity in the system is controlled by only two parameters, σ 21 and σ 31 . The parameter c controls the importance of the global stochastic trends. The long-run covariance matrix is estimated using the KERNEL procedure in COINT 2.0. We use the Bartlett window with the truncation set at five. Results for other kernels, such as Parzen and quadratic spectral kernels, are similar and hence not reported. The maximum number of the iteration for CupBC and CupFM estimators is set to 20. Table 1 To see how the properties of the estimator vary with n and T , Table 2 considers 16 different combinations for n and T , each ranging from 20 to 120. From Table 2 , we see that the LSDV and 2sFM estimators become heavily biased when the importance of the common shock is magnified as we increase c from 5 to 10. On the other hand, the CupBC and CupFM estimators are unaffected by the values of c. The results in Table 2 again indicate that the CupBC and CupFM perform well.
The properties of the t-statistic for testing β = β 0 , are given in Table 3 . Here, the LSDV t-statistic is the conventional t-statistic as reported by standard statistical packages. It is clear that LSDV t-statistics and 2sFM t-statistics diverge as (n, T ) increases and they are not well approximated by a standard N(0,1) distribution. The CupBC and CupFM t-statistics are much better approximated by a standard N(0,1). Interesting, the performance of CupBC is no worse than that of CupFM, even though CupBC does the full modification in the final stage of iteration. Table 4 shows that, as n and T increases, the biases for the t-statistics associated with LSDV and 2sFM do not decrease. For CupBC and CupFM, the biases for the t-statistics become smaller (except for a small number of cases) as T increases for each fixed n. As n increases, no improvement in bias is found. The large standard deviations in the t-statistics associated with LSDV and 2sFM indicate their poor performance, especially as T increases. For the CupBC and CupFM, the standard errors converge to 1.0 as n and T (especially as T ) increase.
Conclusion
This paper develops an asymptotic theory for a panel cointegration model with unobservable global stochastic trends. Standard least squares estimator is, in general, inconsistent. In contrast, the proposed Cup estimator is shown to be consistent (at least T -consistent). In the absence of endogeneity, the Cup estimator is also √ nT consistent. Because we allow the regressors and the unobservable trends to be endogenous, an asymptotic bias exists for the Cup estimator. We further consider two bias-corrected estimators, CupBC and CupFM, and derive their rate of convergence and their limiting distributions. We show that these estimators are √ nT consistent and this holds in spite of endogeneity and in spite of spuriousness induced by unobservable I(1) common shocks. A simulation study shows that the proposed CupBC and CupFM estimators have good finite sample properties.
Appendix
Throughout we use (n, T ) seq → ∞ to denote the sequential limit, i.e., T → ∞ first and followed by n → ∞. We use M N (0, V ) to denote a mixed normal distribution with variance V . Let C be the σ-field generated by F 0 t . The first lemma assumes u i is uncorrelated with (u i , F 0 ) for every i. This assumption is relaxed in Lemma A.2.
Lemma A.1 Suppose that Assumptions 1-5 hold and that u i is uncorrelated with (x i , F 0 ), then as
Proof. Note that
see, e.g., Phillips and Ouliaris (1990) . Thus
By the continuous mapping theorem
as T → ∞. The variable ζ 1i is independent across i conditional on C, which is an invariant σ-field.
Thus conditioning on C, the law of large numbers for independent random variables gives,
Thus, the sequential limit is
This proves part (a).
Consider (b). Rewrite
x it u it where x it = x it − δ ′ i F 0 t as before. By assumption, u it is I(0) and is uncorrelated with x it . It follows that 1 T
where Z ∼ N (0, I k ) as T → ∞ for a fixed n. The variable ξ 2i is independent across i conditional on C, which is an invariant σ-field. Thus conditioning on C,
Let I i be the σ field generated by {F 0 t } and (ξ 21 , ..., ξ 2i ). Then {ξ 2i , I i ; i ≥ 1} is a martingale difference sequence (MDS) because {ξ 2i } are independent across i conditional on C and 
for all δ > 0. To see (23) , notice that
Without loss of generality we assume ξ 2i is a scalar to save notations. By the Cauchy-Schwarz
Furthermore,
This proves (23). The central limit theorem for martingale difference sequence, e.g., Corollary 3.1
of Hall and Heyde (1980) , implies that
where Z ∼ N (0, I) and Z is independent of lim n→∞
Thus, as (n, T ) seq → ∞, we have
which is a mixed normal. The above can be rewritten as
This proves part (b).
The proofs for Propositions 1 and 2 (with observable F ) follow immediately from Lemma A.1.
Propositions 3 and 4 are proved in the supplementary appendix of Bai et al. (2006).
To derive the limiting distribution for β Cup , we need the following lemma. Hereafter, we define
Proof of (a). Recall
λ k is a scalar and
and using similar steps in part (a) in Lemma A.1 as n → ∞,
Proof of part (b). Notice that
I b is proved in Lemma A.1, as (n, T ) seq → ∞,
if x it and u it are uncorrelated. Similarly, for II b , we have
n j=1 a ik a ij = 1 n n k=1 a ik . Thus both I b and II b have a proper limiting distribution. These distributions are dependent since they depend on the same u i . We can also derive their joint limiting distribution. Given the form of Z i , it is easy to show that the above convergences imply part (b).
Proof of part (c)
as T → ∞ (e.g., Phillips and Durlauf, 1986 ). First we note
bi Ω bui such that
Then we use similar steps in part (b) in Lemma A.1 to get
x k a ik is the weighted average of x i with the weight a ik . It follows that
whereB εi = B εi − 1 n n k=1 B εi a ik and
The R ni terms appears in the last line in (27) becausē
This proves (c). Proof of Theorem 1.
This follows directly from Lemma A.2 as (n, T ) → ∞ when
Proof of Theorem 2 and 3. The proof for Theorem 2 is similar to that of Theorem 3 below, thus omitted. To prove Theorem 3, we need some preliminary results. First we examine the limiting distribution of the infeasible FM estimator, β CupF M . The endogeneity correction is achieved by modifying the variable y it in (3) with the transformation
By construction
where∆ bui denotes the one-sided long-run covariance between u it and (ε it , η t ) . Therefore, the infeasible FM estimator is
The following Lemma gives the limiting distribution of β CupF M .
Lemma A.3 Suppose Assumptions in Theorem 1 hold. Then as
and we have
bi Ω bui ,
as T → ∞. Now let
Clearly,
Thus,
as (n, T ) seq → ∞. This proves the theorem.
To show √ nT β CupF M − β CupF M = o p (1), we need the following lemma.
Lemma A.4 Under Assumptions of 1-6, we have
where u
Note that the lemma holds when the long run variances are replaced by the bar versions. Since the proofs are basically the same (as demonstrated in the proof of Theorem 1), the proof is focused on the variances without the bar.
Proof. First, note that
where Ω * −1 εi is the first k × k block of Ω 
It follows that
log n by Assumption 6. Then
as required. This proves (a).
To establish (b), we note
as required for part (b).
Let u
From the proof of Proposition 4 in the supplementary appendix,
if we replace u i by u
Along the same lines as the proofs of Theorems 9 and 10 of Hannan (1970), we can show that
Then we have
For I c. , by the Cauchy Schwarz inequality,
Similarly,
Combining I c. and II c , we have
Recall K ∽ n b and lim inf log T log n > 1 from Assumption 6. It follows that, as in Moon and Perron (2004) 
by Assumption 6 and b < lim inf
by Assumption 6 and
Note that
We use Lemma 12.3 in Bai (2005) to get
.
Collecting I − III we prove (c).
Proof. To save the notations, we only show that results with x i in place ofx i and δ i in place of ofδ i since the steps are basically the same. In the supplementary appendix, it is shown that (see the proof of Proposition 4)
Proof of Theorem 3: This follows directly from Proposition A.1.
Proof of Proposition 5:
In the supplementary appendix, it is shown that
, the first term on the right hand side is O p (1/(nT )), which is dominated by O(1/n). Note: (a) c = 5, σ 32 = 0.4. 
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